In this paper we investigate strong summability of the two-dimensional Walsh-Fourier series obtained in Weisz [18] (see Theorem W) and prove sharpness of this result.
If n ∈ N, then n = ∞ i=0 n i 2 i , where n i ∈ {0, 1} (i ∈ N), i.e. n is expressed in the number system of base 2. Denote |n| := max{j ∈ N : n j = 0}, that is, 2 |n| ≤ n < 2 |n|+1 .
It is easy to show that for every odd number n 0 = 1 and we can write n = 1 + |n| i=1 n j 2 i , where n j ∈ {0, 1} , (j ∈ N + ). The Walsh-Dirichlet kernel is defined by
Recall that (see [8, p. 7] )
Let n ∈ N and n = ∞ i=0 n i 2 i . Then
The rectangular partial sums S M,N of the 2-dimensional Walsh-Fourier series of a function f ∈ L 2 (G 2 ) are defined as follows:
where the number
is said to be the (i, j) −th Walsh-Fourier coefficient of the function f.
The norms (or quasi-norms) of the spaces L p (G 2 ) and weak − L p (G 2 ) are respectively defined by
The σ−algebra generated by the dyadic 2-dimensional I n (x) × I n (y) square of measure 2 −n × 2 −n will be denoted by ̥ n (n ∈ N) . Denote by f = (f n , n ∈ N) the one-parameter martingale with respect to ̥ n (n ∈ N) , (for details see e.g. Weisz [16] and [17] ). The maximal function of a martingale f is defined by
. Then the dyadic maximal function is given by
The dyadic Hardy martingale space H p (G 2 ) (0 < p < ∞) consists of all functions f for which
If f ∈ L 1 (G 2 ), then it is easy to show that the sequence (S 2 n ,2 n f : n ∈ N) is a martingale. If f = (f n , n ∈ N) is a martingale, then the Walsh-Fourier coefficients must be defined in a slightly different manner:
The Walsh-Fourier coefficients of f ∈ L 1 (G 2 ) are the same as those of the martingale (S 2 n ,2 n f : n ∈ N) obtained from f.
A bounded measurable function a is a p-atom, if there exists a dyadic 2-dimensional cube
The dyadic Hardy martingale spaces H p (G 2 ) for 0 < p ≤ 1 have atomic characterizations (for details see e.g. Weisz [16] and [17] ).
if and only if there exist a sequence (a k , k ∈ N) of p-atoms and a sequence (µ k , k ∈ N) of a real numbers such that
where the infimum is taken over all decomposition of f of the form (3).
It is known [7, p. 125 ] that the Walsh-Paley system is not a Schauder basis in L 1 (G 2 ). Moreover, (for details see [8] ) there exists a function in the dyadic martingale Hardy space H p (G 2 ) (0 < p ≤ 1) for which the partial sums are not bounded in L p (G 2 ) . However, Weisz [18] proved the following estimation:
. Then there exists an absolute constant c p , depending only on p, such that sup n,m≥2
where [p] denotes the integer part of p.
In the case when α = 0 and p = 1 from Theorem W we obtain that the following is true:
. Then there exists an absolute constant c, such that
When α = 0 and 0 < p < 1 from Theorem W follows the following result:
Theorem W2. Let 0 < p < 1 and f ∈ H p (G 2 ) . Then there exists an absolute constant c p , depending only on p, such that
Goginava and Gogoladze [3] generalized the estimate (4) (for details see [5] and [11] ) and proved that for any f ∈ H 1 (G 2 ), there exists an absolute constant c, such that
The estimate (5) was generalized in [11] and it was proved that for any 0 < p < 1 and f ∈ H p (G 2 ), there exists an absolute constant c p , depending only on p, such that
In [10] and [11] it was proved that the following is true: Analogical problems for the one-dimensional case were proved in [1] , [2] , [9] , [12] , [13] , [15] and for the two-dimensional case in [5] , [6] , [7] .
In view of Theorem T1 we can conclude that the sequence 1/(n 3−2p log 2[p] n) ∞ n=1 in inequalities (6) and (7) can not be improved, which gives sharpness for α = 0.
In this paper we consider the analogous problem for α > 0 and prove the sharpness of the sequence in Theorem W when α > 0: Then there exists a martingale f ∈ H p (G 2 ) such that sup n,m∈N + 2 −α ≤k/l≤2 α , (k,l)≤(n,m)
Proof. Under the condition (9) there exists an increasing sequence of positive integers {α k : k ≥ 0} such that α 0 ≥ 2, α k + [α] + 1 < α k+1 and (10)
from Lemma 1 and (10) we obtain that f ∈ H p (G 2 ).
It is obvious that
Let 2 α k < m, n < 2 α k +[α]+1 . In view of (11) we can conclude that
Let (x, y) ∈ (G\I 1 ) × (G\I 1 ) , n and m are odd numbers, such that 2 α k < m, n < 2 α k +[α]+1 . Since α k ≥ 2 (k ∈ N) , if we combine (1) and (2) it follows that
By applying (1) and the condition α n ≥ 2 (n ∈ N) for I we have that
By combining (13) and (14), for 2 α k < m, n < 2 α k +[α]+1 we get that
According to (8) , (9) and (15) 
By combining (10-16) we complete the proof of Theorem 1.
